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Abstract
We introduce a new type of boundary for proper geodesic spaces, called
the Morse boundary, that is constructed with rays that identify the “hyper-
bolic directions” in that space. This boundary is a quasi-isometry invariant
and thus produces a well-defined boundary for any finitely generated group.
In the case of a proper CAT(0) space this boundary is the contracting bound-
ary of Charney and Sultan, and in the case of a proper Gromov hyperbolic
space this boundary is the Gromov boundary. We prove three results about
the Morse boundary of Teichmu¨ller space. First, we show that the Morse
boundary of the mapping class group of a surface is homeomorphic to the
Morse boundary of the Teichmu¨ller space of that surface. Second, using a
result of Leininger and Schleimer, we show that Morse boundaries of Te-
ichmu¨ller space can contain spheres of arbitrarily high dimension. Finally,
we show that there is an injective continuous map of the Morse boundary of
Teichmu¨ller space into the Thurston compactification of Teichmu¨ller space
by projective measured foliations.
1 Introduction and Background
Boundaries have been an extremely fruitful tool in the study of hyperbolic groups.
One classical boundary, the visual boundary, is defined to be equivalence classes
of geodesic rays, where one ray is equivalent to the other if they have bounded
Hausdorff distance. Roughly, one topologizes the boundary by declaring open
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neighborhoods of a ray γ to be the rays that stay close to γ for a long time.
Gromov in [10] showed that a quasi-isometry of a hyperbolic metric space induces
a homeomorphism on the visual boundary, giving the notion of a well-defined
boundary of a hyperbolic group.
The visual boundary for a CAT(0) space can be similarly defined. Unfortu-
nately, Croke and Kleiner show that the visual boundary of a CAT(0) space is not
generally preserved under quasi-isometry [4]. Charney and Sultan in [3] showed
that if one restricts their attention to rays with hyperbolic-like behavior, so-called
contracting rays, then one can construct a quasi-isometry invariant boundary for
any complete CAT(0) space. In this paper we show that if one considers another
class of rays with hyperbolic-like behavior, Morse rays, then one can generalize the
boundary of Charney and Sultan to construct a quasi-isometry invariant bound-
ary for any proper geodesic space. We call this boundary the Morse boundary.
In the cases of proper CAT(0) spaces and hyperbolic spaces, the Morse boundary
coincides with the contracting boundary of Charney and Sultan [3] and the visual
boundary respectively.
The generality in which this boundary is defined means it is a new quasi-
isometry invariant for every finitely generated group. While the Morse boundary
of a group may be empty, Sisto in [25] showed that every group in the class of
acylindrically hyperbolic groups unified by Osin in [20] (which includes mapping
class groups, Out(Fn), relatively hyperbolic groups, among others) will always have
non-empty Morse boundary making the Morse boundary of particular interest for
these groups.
A geodesic γ in a metric space is calledN -Morse, where N is a function [1,∞)×
[0,∞) → [0,∞), if for any (λ, ǫ)-quasi-geodesic σ with endpoints on γ, we have
σ ⊂ NN(λ,ǫ)(γ), the N(λ, ǫ)-neighborhood of γ. In a δ-hyperbolic space, the well-
known Morse lemma tells us that every ray is Morse and furthermore they are all
N -Morse for the same N . In fact, if every geodesic in a space is N -Morse, then
the space δ-hyperbolic. On the other hand, no geodesic ray in Euclidean space is
Morse. It is in this way that Morse geodesics point in the “hyperbolic directions”
of the space.
The following key lemma states that if a ray is close to a N -Morse ray, then
it is uniformly close where the uniform constant depends only on N . Variants of
this lemma will be repeatedly useful.
Key Lemma. Let X be a geodesic metric space and α : [0,∞) → X be an N -
Morse geodesic ray. Let β : [0,∞) → X be a geodesic ray with α(0) = β(0) such
that α, β have bounded Hausdorff distance. Then there exists a constant δN that
depends only on N such that d(α(t), β(t)) < δN for all t ∈ [0,∞).
The Morse boundary of a space X , ∂MX , is the set of all Morse geodesic rays
in X where two geodesic rays γ, γ′ : [0,∞) → X are identified if there exists a
constant K such that d(γ(t), γ′(t)) < K for all t > 0. We denote an equivalence
class of a ray α ∈ ∂MX by [α]. If we fix a basepoint p and a Morse function N
and consider the subset of the boundary that consists of all rays in X with Morse
function at most N :
∂NMXp = {[α] | ∃β ∈ [α] that is an N -Morse geodesic ray with β(0) = p},
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the key lemma affords us the ability to topologize this set in a similar manner
as one does for the visual boundary of hyperbolic spaces. We endow the Morse
boundary with the topology of the direct limit over all Morse gauges and show
that this boundary is independent of basepoint. We also show that it is a visibility
space, that is, any two distinct points in the Morse boundary can be joined by a
Morse bi-infinite geodesic. In summary we prove:
Main Theorem. Given a proper geodesic space X, the Morse boundary, ∂MX,
equipped with the direct limit topology, is
1. a visibility space;
2. invariant under quasi-isometry of X; and
3. homeomorphic to the visual boundary if X is hyperbolic and the contracting
boundary if X is proper CAT(0).
In Section 4.1 we identify a criterion which guarantees that a quasi-isometric
embedding induces a topological embedding of the boundary. We first define
a map between boundaries Ω: ∂MX → ∂MY to be Morse preserving if for all
Morse gauges N , ∂NMX →֒ ∂
N ′
M Y where N
′ depends on N . We show that if a
quasi-isometric embedding f : X → Y induces a Morse preserving map on the
boundaries then the image of the Morse boundary of X topologically embeds into
the Morse boundary of Y .
We apply this result to Teichmu¨ller space, T (S), with the Teichmu¨ller metric.
It was shown by Masur and Wolf in [17] that T (S) with this metric is not Gromov
hyperbolic. But Minsky in [18] showed that all geodesics in the ǫ-thick part of
Teichmu¨ller space, Tǫ(S), are N -Morse where N depends on ǫ. So the ∂MT (S)
is non empty. Using a result of Leininger and Schleimer [12] we show that for
any n ≥ 2, there exists a surface of finite type S and a Morse preserving map
Ω: ∂MH
n → ∂MT (S). Thus for any n ≥ 2, there exists a surface of finite type S
such that ∂MT (S) contains a topologically embedded S
n−1.
We next show, using the Masur-Minsky subsurface projection machinery, that
the Morse boundary of the mapping class group of a surface of finite type, Mod(S),
is homeomorphic to the Morse boundary of the Teichmu¨ller space of that surface.
Finally we show that there is a continuous injective map from the Morse bound-
ary of Teichmu¨ller space to Thurston’s compactification of T (S) by projective
measured foliations.
The author would like to thank his advisor Ruth Charney for her exceptional
support and enthusiastic guidance. The author also like to thank Moon Duchin
and Matthew Durham for the fruitful discussions and especially Moon for her
invaluable feedback in the process of writing this paper. Finally the author with
like to thank the anonymous referee for a very careful review and many helpful
suggestions.
1.1 Basic Definitions and Theorems
Let (X, d) be a metric space. A geodesic in X is an isometric embedding γ from a
finite or infinite interval of R into X . We say that (X, d) is a geodesic metric space
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if every two points in X are joined by a geodesic. We say X is a proper metric
space if for every x ∈ X and every r > 0, the closed ball B(x, r) is compact.
Definition 1.1 (Hausdorff distance). Let X be a metric space and let Nη(A)
denote the η-neighborhood of a subset A ⊂ X . The Hausdorff distance between
A,B ⊂ X is defined by
inf{η | A ⊂ Nη(B), B ⊂ Nη(A)}.
Definition 1.2 (quasi-isometry; quasi-geodesic). A map f : X → Y between met-
ric spaces is called a (λ, ǫ)-quasi-isometric embedding, where λ ≥ 1, ǫ ≥ 0, if for
every a, b ∈ X
1
λ
dX(a, b)− ǫ ≤ dY (f(a), f(b)) ≤ λdX(a, b) + ǫ.
We say f is a quasi-isometry if there exists a constant C ≥ 0 such that for every
y ∈ Y there exists there exists an a ∈ X such that dY (y, f(a)) < C. If X is a
(possibly infinite) segment of R, then we call the image of f a (λ, ǫ)-quasi-geodesic.
Given a quasi-isometry f : X → Y , there exists a quasi-inverse g : Y → X ,
which is itself a quasi-isometry such that there exists a constant C, depending
only on λ, ǫ, with the property that for all x ∈ X, y ∈ Y ,
dX(x, (g ◦ f)(x)) ≤ C and dY (y, (f ◦ g)(y)) ≤ C.
Definition 1.3 (Morse (quasi)-geodesics). A (quasi)-geodesic γ in a metric space
is called N -Morse, where N is a function [1,∞) × [0,∞) → [0,∞), if for any
(λ, ǫ)-quasi-geodesic σ with endpoints on γ, we have σ ⊂ NN(λ,ǫ)(γ). We call the
function N(λ, ǫ) a Morse gauge.
We will also use two easy corollaries of Arzela`-Ascoli [19, Theorem 47.1]:
Corollary 1.4. Let X be a proper metric space and p ∈ X. Then any sequence
of geodesics βn : [0, Ln]→ X with βn(0) = p and Ln →∞ has a subsequence that
converges uniformly on compact sets to a geodesic β : [0,∞)→ X.
Corollary 1.5. Let X be a proper metric space. Let βn : [Ln,Mn] → X be any
sequence of geodesics such that Ln → −∞,Mn → ∞, and every βn(0) is in a set
of bounded diameter. Then the sequence (βn) has a subsequence that converges
uniformly on compact sets to a geodesic β : (−∞,∞)→ X.
Remark 1.6. I will repeatedly use Lemma 2.5 in [3]. The statement of the lemma
assumes a CAT(0) space, but the proof only requires a geodesic space.
2 Properties of Morse Geodesics
The following lemma verifies that a quasi-geodesic with endpoints on a Morse
geodesic segment has bounded Hausdorff distance with the geodesic.
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Lemma 2.1. Let X be a geodesic space and let α : [a, b] → X be a N -Morse
geodesic segment and let β : [a′, b′]→ X be a (λ, ǫ)-quasi-geodesic such that α(a) =
β(a′) and α(b) = β(b′). Then the Hausdorff distance between α and β is bounded
by 2N(λ, ǫ′) + (λ+ ǫ) where ǫ′ = 2(λ+ ǫ) or if β is continuous 2N(λ, ǫ)
Proof. First assume that β is contiuous. By definition β ⊂ NN(λ,ǫ)(α)
We now show that α ⊂ N2N(λ,ǫ)(β). We follow an argument similar to Lemma
2.5 (3) [3]. If α ⊂ NN(λ,ǫ)(β) we have our bound. If not consider a maximal
segment [t, t′] ⊂ [a, b] such that α([t, t′]) is disjoint from NN(λ,ǫ)(β). We know by
continuity of β that there exists a z ∈ [a′, b′] such that β(z) lies within N(λ, ǫ) of
two points α(r), α(r′), with r ∈ [a, t], r′ ∈ [t′, b]. Thus by the triangle inequality,
d(α(r), α(r′)) < 2N(λ, ǫ) and since α is a geodesic any point on α between α(r)
and α(r′) is at most N(λ, ǫ) from one of α(r) and α(r′) and thus any point in [t, t′]
is within 2N(λ, ǫ) of z. We conclude α ⊂ N2N(λ,ǫ)(β).
If β is not continuous, we use Lemma 1.11 in [1] III.H to replace β with β′, a
continuous (λ, ǫ′)-quasi-geodesic such that β′(a′) = β(a′) and β′(b′) = β(b′) and
the Hausdorff distance between β and β′ is less than (λ+ǫ). We do the proceeding
proof with using β′ and allow for the Hausdorff distance between β and β′ for the
general estimate.
We now show that triangles in a geodesic metric space with two N -Morse edges
are slim.
Lemma 2.2. Let X be a geodesic space and let α1 : [0, A]→ X and α2 : [0, B]→ Y
be N -Morse geodesics such that α1(0) = α2(0) = p. Let γ : [0, C]→ X be a geodesic
joining α1(A) and α2(B). Then the triangle α1 ∪ γ ∪ α2 is 4N(3, 0)-slim.
Proof. Choose x so that it is the nearest point on γ to p and let η be a geodesic
connecting x and p. We first show that the concatenation φ1 = γ([0, x]) ∪ η and
φ2 = η¯ ∪ γ([x,C]) are (3, 0)-quasi-geodesics.
We show that φ1 is a (3,0)-quasi-geodesic. Since all of the segments are
geodesics, we only need check the inequality for points u and v on different seg-
ments. Let u ∈ γ([0, x]) and v ∈ η. We know d(v, γ(x)) ≤ d(u, v) because γ(x)
is a nearest point to p. We also note that d(u, γ(x)) ≤ d(u, v) + d(v, γ(x)) by the
triangle inequality. Let dφ1(u, v) denote the distance along φ1 between u and v.
d(u, v) ≤ dφ1(u, v) =d(u, γ(x)) + d(γ(x), v)
≤(d(u, v) + d(v, γ(x)) + d(u, v)
≤3d(u, v).
Thus we have our inequality.
The inequality for φ2 follows identically. Since the αi are N -Morse and φi is a
(3, 0)-quasi-geodesics with endpoints on αi, it follows that γ ⊂ NN(3,0)(α1 ∪ α2).
Using Lemma 2.1, we know that the Hausdorff distance between φi and αi is less
than 2N(3, 0) for i = 1, 2. Thus for every t ∈ [0, A] either d(α1(t), γ) < 4N(3, 0) or
d(α1(t), α2) < 4N(3, 0). So α1 ⊂ N4N(3,0)(α2 ∪ γ). The final containment follows
identically.
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Armed with the knowledge that triangles with two Morse edges are slim, we
show that the third edge is also Morse.
Lemma 2.3. Let X be a geodesic space and let α1 : [0, A]→ X and α2 : [0, B]→ Y
be N -Morse geodesics such that α1(0) = α2(0) = p. Let γ : [0, C]→ X be a geodesic
joining α1(A) and α2(B). Then γ is N
′-Morse for some N ′ depending on N .
Proof. By Lemma 2.2, we know that the triangle α1 ∪ γ ∪ α2 is 4N(3, 0)-slim. It
follows from the continuity of the distance function that there exists an x ∈ [0, C]
and si ∈ [0,∞) such that d(γ(x), αi(si)) < 4N(3, 0) for i = 1, 2. We define γ1 to
be the concatenation of γ[0, x] and a geodesic between γ(x) and α1(s1). Define
γ2 similarly with α2. We note that these are (1, 4N(3, 0))-quasi-geodesics with
endpoints on N -Morse geodesics. By Lemma 2.1 we know that the Hausdorff
distance between γ1 and α1[s1, A] is bounded by 2N(1, 4N(3, 0)) and thus the
Hausdorff distance between γ[0, x] and α1[s1, A] is bounded by 2N(1, 4N(3, 0)) +
4N(3, 0). We get identical bounds for γ[x,C] and α2[s2, B]. By Lemma 2.5 (1) of
[3] they are N ′′-Morse where N ′′ depends on N .
Let σ : [a, b]→ X be a (λ, ǫ) quasi-geodesic with endpoints on γ. Let z ∈ [a, b]
be such that σ(z) is a point on σ closest to γ(x). Define σ1 to be the concatenation
of σ[a, z] and [σ(z), γ(x)], a geodesic between γ(x) and σ(z). Define σ2 similarly.
We claim that σ1 is a (2λ+ 1, ǫ)-quasi-geodesic
It is enough to check the inequality for points u and v on different segments. Let
u = σ(t) for some t ∈ [a, z] and v ∈ [σ(z), γ(x)]. We know that d(v, σ(z)) ≤ d(u, v)
because σ(z) is a nearest point to γ(x). We also note that d(u, σ(z)) ≤ d(u, v) +
d(σ(z), v) by the triangle inequality. Finally, note that σ1 naturally parametrized
and the difference in the parameters for u and v is |z − t| + d(σ(z), v). Putting
this information together we get the two following inequalities:
d(u, v) ≤ d(σ(t), σ(z)) + d(σ(z), v)
≤ λ|z − t|+ ǫ+ d(σ(z), v)
≤ λ(|z − t|+ d(σ(z), v)) + ǫ
and
|z − t|+ d(σ(z), v) ≤ λd(u, σ(z)) + ǫ+ d(σ(z), v)
≤ λ(d(u, v) + d(σ(z), v)) + ǫ+ d(σ(z), v)
≤ λ(d(u, v) + d(u, v)) + ǫ+ d(u, v)
≤ (2λ+ 1)d(u, v) + ǫ.
Thus we have our inequalities.
The inequality for σ2 follows identically. Thus since γ[0, x] and γ[x,C] are
N ′′-Morse, then σ ⊂ NN ′′(2λ+1,ǫ)(γ). Thus γ is N
′-Morse for some N ′ depending
on N .
The following proposition and its corollaries are the key lemmas used to con-
struct the Morse boundary. We show that if a geodesic is bounded distance from
a N -Morse geodesic for a long enough time, then they are close where the bound
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depends only on N and the distance between their basepoints. Thus, geodesics
with the same basepoint are actually uniformly close.
Proposition 2.4. Let X be a geodesic metric space. Let α : [0,∞)→ X be a N -
Morse geodesic ray. Let β : [0,∞)→ X be a geodesic ray such that d(α(t), β(t)) <
K for t ∈ [A,A + D] for some A ∈ [0,∞) and D ≥ 6K. Then for all t ∈
[A+ 2K,A+D− 2K], d(α(t), β(t)) < 4N(1, 2N(5, 0))+ 2N(5, 0)+ d(α(0), β(0)).
Proof. Let A ≥ 0 and D ≥ 6K and A′ = A+D. Choose x so that β(x) is a point
nearest to α(A) on β and similarly choose an x′ so that β(x′) is a nearest point
to α(A′). Note by the triangle inequality that x ∈ [max{0, A− 2K}, A+ 2K] and
x′ ∈ [A′ − 2K,A′ + 2K].
Choose a geodesic µ from α(A) to β(x) and ν from β(x′) to α(A′). We claim
that the concatenation of geodesics:
φ = µ ∪ β([x, x′]) ∪ ν
is a (5, 0)-quasi geodesic. See Figure 1.
Let u, v ∈ φ. Since all of the segments are geodesics, we only need check when
u and v lie on different segments. There are three cases:
CASE 1: u ∈ µ and v ∈ β([x, x′]). Let ψ = µ ∪ β([x, x′]). We know that
d(u, β(x)) ≤ d(u, v) because β(x) is a nearest point to α(A). We also note that
d(β(x), v) ≤ d(u, v)+d(u, β(x)) by the triangle inequality. Let dψ(u, v) denote the
distance along ψ between u and v.
d(u, v) ≤ dψ(u, v) =d(u, β(x)) + d(β(x), v)
≤d(u, v) + (d(u, v) + d(u, β(x))
≤3d(u, v).
Thus we have our inequality for these two segments.
CASE 2: u ∈ β([x, x′]) and v ∈ ν. This case follows similarly to CASE 1.
CASE 3: u ∈ µ and v ∈ ν. First note that
2K + d(u, v) ≥d(α(A), u) + d(u, v) + d(v, α(A′))
≥d(α(A), α(A′)) = D.
Thus d(u, v) ≥ D − 2K. Since D ≥ 6K, D/3 ≥ 2K. Thus d(u, v) ≥ D −D/3 or
D ≤ 32d(u, v).
We also note that d(α(A), β(x)) < K ≤ D/6 and similarly d(β(x′), β(A′)) <
K ≤ D/6.
Putting the inequalities together, we see that d(β(x), β(x′)) ≤ D + 2K < 2D.
Let ζ be the geodesic from u to β(x) following µ and let η be the geodesic from
β(x′) following ν. Consider ξ = ζ ∪ β[x, x′] ∪ η.
d(u, v) ≤ dξ(u, v) =d(u, β(x)) + d(β(x), β(x
′)) + d(β(x′), v)
<D/6 + 2D +D/6
<3D
≤
9
2
d(u, v)
7
β(A)
α(A)
β(x)
β(x′)
α(A′)
< K < K
Figure 1: Picture of situation in Proposition 2.4
Thus we have our inequality for these segments. Therefore we have that φ is a
(5, 0)-quasi geodesic.
If K ≥ N(5, 0) then let α(y) and α(y′) be the points closest to β(x) and
β(x′) respectively. Otherwise let y = A and y′ = A′. First note that both
d(β(x), α(y)) < N(5, 0) and d(β(x′), α(y′)) < N(5, 0). We first claim that y <
A + 2K. If y = A then were done. Else, by the triangle inequality, we get that
y < A+K +N(5, 0) < A+ 2K. Similarly, we can conclude that y′ > A′ − 2K.
Since the path [α(y), β(x)] ∪ β[x, x′] ∪ [β(x′), α(y′)] is a (1, 2N(5, 0))-quasi-
geodesic with endpoints on α, by Lemma 2.1 we can conclude the Hausdorff dis-
tance between this path and α([y, y′]) is bounded by 2N(1, 2N(5, 0)). Therefore, it
follows that that the Hausdorff distance between α([y, y′]) and β([x, x′]) is bounded
by 2N(1, 2N(5, 0)) +N(5, 0).
To see the parameterized distance bound, we follow the proof of Proposition
10.1.4 in [21] and conclude that for all t ∈ [A+ 2K,A+D − 2K], d(α(t), β(t)) <
4N(1, 2N(5, 0)) + 2N(5, 0) + d(α(0), β(0)).
Notation: For N = N(K,L) a Morse gauge, set δN = max{4N(1, 2N(5, 0))+
2N(5, 0), 8N(3, 0)}.
Corollary 2.5. Let X be a geodesic metric space and α : [0,∞) → X be an N -
Morse geodesic ray. Let β : [0,∞) → X be a ray such that β(0) = α(0) and
d(α(t), β(t)) < K for t ∈ [0, D] for some D ≥ 6K. Then d(α(t), β(t)) < δN for all
t ∈ [0, D − 2K].
Proof. Follow the proof of Proposition 2.4 in this case.
Corollary 2.6. Let X be a geodesic metric space and α : [0,∞) → X be an N -
Morse geodesic ray. Let β : [0,∞) → X be a ray such that d(α(t), β(t)) < K
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for all t ∈ [0,∞) (i.e., β ∈ [α]). Then for all t ∈ [2K,∞), d(α(t), β(t)) <
δN + d(α(0), β(0)). In particular if α(0) = β(0), then d(α(t), β(t)) < δN for all
t ∈ [0,∞).
Proof. The first statement follows from Proposition 2.4 as A ∈ [0,∞) is arbitrary.
The second follows from Corollary 2.5.
The next result is similar in flavor to the preceding results and we will use it
in showing that the Morse boundary is a quasi-isometry invariant.
Lemma 2.7. Let X be a geodesic space and let α1, α2 : [0, A] → X be N -Morse
geodesics with α1(0) = α2(0). If d(α1(s), im(α2)) < K, for some K > 0 and
s ∈ [0, A], then d(α1(t), α2(t)) ≤ 8N(3, 0) < δN for t < s−K − 4N(3, 0).
Proof. Follow exactly the proof of Lemma 1.15 in [1] III.H using the slimness of
triangles with two N -Morse legs shown in Lemma 2.2.
The next lemma states that given a N -Morse geodesic γ with basepoint p,
we can construct a geodesic with basepoint p′ asymptotic to γ that is N ′-Morse
where N ′ depends only on N and d(p, p′). This is important in showing basepoint
independence of the Morse boundary.
Lemma 2.8. Let X be a proper geodesic metric space, p, p′ ∈ X and α : [0,∞)→
X an N -Morse geodesic ray such that α(0) = p. Then there exists an N ′- Morse
geodesic ray β : [0,∞) → X asymptotic to α with β(0) = p′, N ≤ N ′ (where N ′
depends only on d(p, p′) and N), and d(α(t), β(t)) < 4N(1, 2d(p, p′)) + 3d(p, p′)
for all t ∈ [0,∞).
Proof. Let {βn}n∈N be a sequence of geodesics joining p′ and α(n). Let β¯0 be β0
with opposite parameterization. We note that the concatenation φn = β¯0∪βn is a
(1, 2d(p, p′))-quasi-geodesic with endpoints on α and thus by Lemma 2.1 we know
φn is Hausdorff distance at most 2N(1, 2d(p, p
′)) away from α. By Arzela`-Ascoli
a subsequence {βn(i)} converges uniformly on compact sets to a ray β. Since all
of the βn are at Hausdorff distance at most 2N(1, 2d(p, p
′)) + d(p, p′) away from
α, the Hausdorff distance between α and β is identically bounded. It now follows
from Lemma 2.5 (1) in [3] that β is a N ′-Morse ray where N ′ depends only on N
and d(p, p′). To see the parameterized distance bound, we use Proposition 10.1.4
in [21].
To show the the Morse boundary is a quasi-isometry invariant, we show that
under a quasi-isometryN -Morse geodesic rays are sent to quasi-geodesics rays near
N ′-Morse geodesic rays where N ′ depends only on the quasi-isometry constants
and N . We will use this lemma to show that quasi-isometries induce maps on the
Morse boundary.
Lemma 2.9. Let X and Y be proper geodesic spaces and let f : X → Y be a
(λ, ǫ)-quasi-isometry. Then for any N -Morse geodesic ray γ based at p, f ◦γ stays
bounded distance from an N ′-Morse geodesic ray β based at f(p) where N ′ depends
only on λ, ǫ, and N .
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Proof. We follow closely the proof of Corollary 2.10 in [3]. By Lemma 2.5 (2) in
[3] we know that f ◦ γ is a N ′′-Morse quasi-geodesic with N ′′ only depending on
λ, ǫ and N . Let βn be a geodesic segment from f(γ(0)) to f(γ(n)) for all n ∈ N.
Since f ◦ γ is a (λ, ǫ)-quasi-geodesic, then by Lemma 2.5 (3) in [3] there exists a
constant C that depends only on λ, ǫ and N ′′ so that every βn is within Hausdorff
distance C of f ◦ γ|[0,n]. Thus by Arzela`-Ascoli there exits a subsequence βn(i)
that converges to a geodesic ray β that is at most Hausdorff distance C from f ◦γ.
We use Lemma 2.5 (1) in [3] to conclude that β is N ′-Morse where N ′ depends
only on N ′′, C.
Lemma 2.10. Let X be a geodesic space and let {γi : [0,∞)→ X} be a sequence
of N -Morse geodesic rays that converge uniformly on compact sets to a geodesic
ray γ. Then γ is N -Morse.
Proof. Let η > 0. Let β be a (λ, ǫ)-quasi geodesic with end points on γ. Since the
γi converge uniformly on compact sets and are N - Morse there exists an I ∈ N
such that for any i ≥ I, d(γi(t), γ(t)) < η on the interval between the endpoints
of β. Thus γ is an N ′-Morse geodesic where N ′ < N + η. Since this is true for all
η > 0, γ is a N -Morse geodesic.
3 The Morse Boundary
As a set, the Morse boundary of X with basepoint p, ∂MXp, is the collection all
Morse geodesic rays in X with basepoint p where two geodesic rays γ, γ′ : [0,∞)→
X are identified if there exists a constant K such that d(γ(t), γ′(t)) < K for all
t > 0. We denote an equivalence class of a ray α ∈ ∂MX by [α].
In order to topologize the entire boundary, we first topologize pieces of the
boundary and take a direct limit. Consider the subset of the Morse boundary
∂NMXp = {[α] | ∃β ∈ [α] that is an N -Morse geodesic ray with β(0) = p}.
We toplogize ∂NMXp following [1] III.H. Let X be a proper geodesic space. Fix
a basepoint p ∈ X . We define convergence in ∂NMXp by: xn → x as n→∞ if and
only if there exists N -Morse geodesic rays αn with αn(0) = p and [αn] = xn such
that every subsequence of {αn} contains a subsequence that converges uniformly
on compact sets to a geodesic ray α with [α] = x. By Lemma 2.10, we have a well
defined topology on ∂NMXp: the closed subsets B ⊂ ∂
N
MXp are those satisfying the
condition
[xn ∈ B, ∀n > 0 and xn → x]⇒ x ∈ B.
We show this topology is equivalent to a system of neighborhoods at a point
in ∂NMXp.
Lemma 3.1. Let X be a proper geodesic space and p ∈ X. Let α : [0,∞) → X
be a N -Morse geodesic ray with α(0) = p and for each positive integer n let Vn(α)
be the set of geodesics rays γ such that γ(0) = p and d(α(t), γ(t)) < δN for all
t < n. Then {Vn(α) | n ∈ N} is a fundamental system of (not necessarily open)
neighborhoods of [α] in ∂NMXp.
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Proof. Need to show:
1. Each Vi(α) ∈ {Vn(α)} contains α
2. If Vi(α), Vj(α) ∈ {Vn(α) | n ∈ N} then there exists Vk(α) ∈ {Vn(α)} such
that Vk(α) ⊂ Vi(α) ∩ Vj(α).
3. For each Vi(α) ∈ {Vn(α)} there exists a Vj(α) ∈ {Vn(α)} such that for each
γ ∈ Vj(α) there exists Vk(γ) ∈ {Vn(γ)} such that Vk(γ) ⊂ Vi(α).
4. The topology on ∂NMXp induced by the sequential definition and the funda-
mental system of neighborhoods coincide.
By Corollary 2.6, these sets determine well defined sets in ∂NMX . We satisfy the
first condition by definition. The second condition follows by setting k = max{i, j}.
For the third condition consider a neighborhood Vi(α). Let j = k = i+ 12δN .
Let γ ∈ Vj(α) and γ′ ∈ Vk(γ). We know that d(α(t), γ′(t)) < d(α(t), γ(t)) +
d(γ(t), γ′(t)) < 2δN for all t ∈ [0, j]. By Corollary 2.5 we know that d(α(t), γ
′(t)) <
δN for all t ∈ [0, i+ 8δN ] thus Vk(γ) ⊂ Vi(α).
To see the fourth condition we follow [1] III.H Lemma 3.6 with k = δN .
Corollary 3.2. Let N and N ′ be Morse gauges such that N(λ, ǫ) ≤ N ′(λ, ǫ) for
all λ, ǫ ∈ N. Then the obvious inclusion i : ∂NMXp →֒ ∂
N ′
M Xp is continuous.
Proof. Let V be a closed set in ∂N
′
M XP . We wish to show i
−1(V ) is closed. Let
αi ∈ i−1(V ) be a sequence of geodesic rays converging to a ray α. Since i is an
inclusion we can consider αi as a sequence of rays in V . Since V is closed, the
αi converge to some ray α in V . But by Lemma 2.10, α is N -Morse and thus
i−1(α) = α and thus i−1(V ) is closed.
With Corollary 3.2 in mind we can now define the Morse boundary, ∂MXp.
Definition 3.3. LetM be the set of all Morse gauges. We put a partial ordering
on M so that for two Morse gauges N,N ′ ∈ M, we say N ≤ N ′ if and only if
N(λ, ǫ) ≤ N ′(λ, ǫ) for all λ, ǫ ∈ N. Thus we can define
∂MXp = lim−→
M
∂NMXp
with the induced direct limit topology.
Remark 3.4 (Continuous maps between direct limits). Let X,Y be two proper
geodesic metric spaces and ∂MXp and ∂MYq be their Morse boundaries. Let
iXN,N ′ : ∂
N
MXp → ∂
N ′
M Xp be the continuous inclusions as described in Corollary 3.2.
Suppose g : M→M is a “direction preserving map,” i.e., N ≤ N ′ =⇒ g(N) ≤
g(N ′). If for each N ∈ M we have a continuous map fN : ∂NMXp → ∂
g(N)
M Yq such
that fN ′◦iXN,N ′ = i
Y
g(N),g(N ′)◦fN whenever N ≤ N
′, then by the universal property
of direct limits the family {fN} induces a continuous map f : ∂MXp → ∂MYq.
Proposition 3.5 (Independence of basepoint). Let X be a proper geodesic space.
The direct limit topology on ∂MXp = lim−→
∂NMXp is independent of basepoint p.
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Proof. Using Lemma 2.8, we see that there exists a map
i : ∂NMXp →֒ ∂
g(N)
M Xp′
where g : M→M is a direction preserving map and i(α) is asymptotic to α. This
extends to a map I : ∂MXp → ∂MXp′ . We can do the same procedure and get a
map J : ∂MXp′ → ∂MXp. We note that J ◦ I = Id because J ◦ I takes a Morse
ray based at p to another Morse ray based at p that is asymptotic to the original.
I ◦ J is also the identity map by the same reasoning and therefore I is a bijection.
By Remark 3.4 it is enough to show that i : ∂NMXp →֒ ∂
g(N)
M Xp′ is continuous
for all N ∈ M. Let α : [0,∞) → X be a geodesic ray such that α(0) = p.
Let α′ be a geodesic ray such that i(α) = α′ and consider some neighborhood
Vn(α
′) ⊂ ∂
g(N)
M Xp′ . Let θ = max{4N(1, 2d(p, p
′)) + 3d(p, p′), δN} We claim if
m = n+ 6θ then i(Vm(α)) ⊂ Vn(α
′).
We know by Lemma 2.8 that d(α(t), α′(t)) < θ for all t ∈ [0,∞). Let γ be
a ray in Vm(α). Then by definition, d(γ(t), α(t)) < δN ≤ θ for all t ∈ [0,m].
Consider I(γ) = γ′. Again, using Lemma 2.8 we know that d(γ(t), γ′(t)) < θ for
all t ∈ [0,∞). Thus
d(α′(t), γ′(t)) < d(α(t), α′(t)) + d(α(t), γ(t)) + d(γ(t), γ′(t)) < 3θ
for all t ∈ [0,m]. So by Corollary 2.5, d(α′(t), γ′(t)) < δg(N) for all t ∈ [0, n] and
thus i(γ) ∈ Vn(α′) and we have our result.
Remark 3.6. In light of Proposition 3.5, when convenient, we will assume the
basepoint is fixed, suppress it from the notation and write ∂MX = lim−→
∂NMX .
Let f : X → Y be a (λ, ǫ)-quasi-isometry. Fix base points p ∈ X and f(p) ∈ Y .
By Lemma 2.9, f induces a map
∂Mf : ∂MXp → ∂MYf(p)
which maps ∂NMXp into ∂
g(N)
M Yf(p) for some direction preserving map g :M→M.
Proposition 3.7 (Quasi-isometry invariance). Let f : X → Y be a (λ, ǫ)-quasi-
isometry of proper geodesic spaces. Then ∂Mf : ∂MX → ∂MY is a homeomor-
phism.
Proof. The proof that ∂Mf is bijective is the same as in Theorem 3.11 in [3]. It
remains to prove continuity.
By Remark 3.4 we need only show
∂MfN : ∂
N
MX →֒ ∂
g(N)
M Y
is continuous. Let γ ∈ ∂NMX and consider Vn(∂Mf(γ)) ⊂ ∂
g(N)
M Y . We show that
there exists an m sufficiently large such that ∂Mf(Vm(γ)) ⊂ Vn(∂Mf(γ)).
Let β ∈ Vm(γ). Then f ◦ β and f ◦ γ are N ′′-Morse (λ, ǫ)-quasi-geodesics. By
definition of Vm(γ) we know that
d(f ◦ β(t), f ◦ γ(t)) < λδN + ǫ
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for all t ∈ [0,m]. Moreover, by choosing m sufficiently large, we may assume
(f ◦β)(m) and (f ◦γ)(m) are arbitrarily far from the basepoint f(p), say a distance
m′ ≫ n. As in the proof of Lemma 2.9, we straighten f ◦ β, f ◦ γ to N ′-Morse
geodesic rays β′ := ∂Mf(β), γ
′ := ∂Mf(γ) which are Hausdorff distance C from
f ◦β and f ◦ γ respectively (where C depends only on N, λ, ǫ). We note that β′(s)
lies in the (λδN + ǫ + 2C) neighborhood of the image of γ
′ for some s > m′ − C.
Choosing m′ > n + (λδN + ǫ + 2C) + 4N
′(3, 0) + C we have by Lemma 2.7 that
d(β′(t), γ′(t)) < δg(N) for all t ∈ [0, n] and we have our result.
Next we show that the Morse boundary coincides with the contracting bound-
ary and the Gromov boundary.
We begin with a description of the contracting boundary of a CAT(0) space.
For more details see [3].
Let X be a CAT(0) space. We define the set ∂X to be the set of equivalence
classes of geodesic rays up to asymptotic equivalence and denote the equivalence
class of a ray by [α]. One natural topology on ∂X is the visual topology. We
define the topology of the boundary with a system of neighborhood bases. A
neighborhood basis for [α] is given by open sets of the form:
U(α, r, ǫ) = {[β] ∈ ∂X | β is a geodesic ray at p and ∀t < r, d(β(t), α(t)) < ǫ}.
Definition 3.8 (contracting geodesics). Given a fixed constant D, a geodesic γ
is said to be D-contracting if for all x, y ∈ X ,
dX(x, y) < dX(x, πγ(x)) =⇒ dX(πγ(x), πγ(y)) < D.
We say that γ contracting if it is D-contracting for some D. An equivalent defi-
nition is that any metric ball B not intersecting γ projects to a segment of length
< 2D on γ.
Let X be a complete CAT(0) space with basepoint p ∈ X . We define the
contracting boundary of a CAT(0) space X to be the subset of the visual boundary
consisting of
∂cXp = {[α] ∈ ∂X | α is contracting with basepoint p}.
In order to topologize the contracting boundary we consider a collection of
increasing subsets of the boundary,
∂ncXp = {[γ] ∈ ∂X | γ(0) = p, γ is a n-contracting ray},
one for each n ∈ N. We topologize each ∂ncXp with the subspace topology from
the visual boundary of X and topologize the whole boundary by taking the direct
limit over these subsets. Thus ∂cXp = lim−→
∂ncXp with the direct limit topology.
Theorem 3.9. If X is a proper CAT(0) space then ∂MX and ∂cX are homeo-
morphic.
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Proof. Choose p ∈ X . By Theorem 2.9 in [3] we know in a CAT(0) space that a
geodesic ray is D-contracting if and only if it is N -Morse where N depends only
on D and vice-versa. Thus it suffices to show that the topology on ∂NMX coincides
with the subspace topology on ∂DCX for the corresponding contracting constant
D. It is clear that the topology on ∂DCX contains the topology ∂
N
MX . The reverse
inclusion follows from the CAT(0) triangle condition. (Consider U(γ, r, ǫ). By
the CAT(0) triangle condition we can choose a n >> r large enough so that if
β ∈ Vn(γ) then d(γ(t), β(t)) < ǫ for all t < r.)
Theorem 3.10. If X is a proper geodesic δ-hyperbolic space, then ∂X = ∂MX.
Proof. By [1] we know there exists a constant R(K,L, δ) such that if α is a
(K,L)-quasi-geodesic with endpoints on any geodesic γ, then α ∈ NR(γ). Set-
ting N(K,L) = R(K,L, δ) we get ∂MX = ∂
N
MX = ∂X . The topology on ∂X , as
defined in [1], is identical to the topology on ∂NMX . Thus we have a homeomor-
phism.
At the other extreme, there are proper geodesic spaces where the Morse bound-
ary is empty. Examples include products and groups with laws [6].
Finally, we show that the Morse boundary is a visibility space.
Proposition 3.11 (Visibility). If X is a proper geodesic metric space, then for
each pair of distinct points ξ1, ξ2 ∈ ∂MX there exists a geodesic β : R → X with
β([0,∞)) is asymptotic to ξ1 and β([0,−∞)) is asymptotic to ξ2. Furthermore, β
is Morse where its Morse gauge depends on the Morse gauges of chosen represen-
tatives of ξ1 and ξ2.
Proof. Choose a basepoint p ∈ X and chooseN -Morse geodesic rays α1, α2 : [0,∞)→
X with α1(0) = α2(0) = p and α1(∞) = ξ1 and α2(∞) = ξ2.
Let D ∈ N be such that the distance from α1(D) to the image of α2 is greater
than 4N(3, 0). For each n > D consider a geodesic segment βn : [0, a] → X with
βn(0) = α1(n) and βn(a) = α2(n).
By Lemma 2.2 the geodesic triangle α1([0, n])∪βn ∪α2([0, n]) is 4N(3, 0) slim.
Thus βn must intersect a compact ball of radius 4N(3, 0) at α1(D) at a point
bn ∈ βn. By Corollary 1.5 there is a subsequence of {βn} which converges to a
bi-infinite geodesic β. Since each βn is in the 4N(3, 0) neighborhood of the images
of α1, α2, then so is β. By a standard argument, the endpoints of β are ξ1 and ξ2.
To get the Morse conclusion we note by Lemma 2.3 that each βn is N
′-Morse
where N ′ depends on N . Therefore by Lemma 2.10 β is N ′-Morse.
Proposition 3.12. If X is a proper geodesic space, then for any Morse gauge N ,
the N -Morse boundary, ∂NMX, is compact.
Proof. For any Morse gauge N , ∂NMX is closed by Lemma 2.10. We note ∂
N
MX
is first countable by the definition of the topology by countable neighborhood
bases. It suffices to show that ∂NMX is sequentially compact, but this follows from
Arzela`-Ascoli.
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Remark 3.13. By the preceding proposition we know that ∂NMX is compact for
all Morse functions N , but unlike in the case of the contracting boundary it does
not follow that ∂MX is σ-compact. It is unknown whether you can define the
same boundary as a direct limit over a countable subset of M.
4 Morse preserving maps and application to Te-
ichmu¨ller space and the mapping class group
4.1 Morse preserving maps
Definition 4.1. Let X and Y be proper geodesic metric spaces and p ∈ X, p′ ∈ Y .
We say that Ω: ∂MXp → ∂MYp′ is Morse preserving if given N ∈ M there exists
an N ′ ∈ M such that Ω injectively maps ∂NMXp → ∂
N ′
M Yp′ .
Proposition 3.7 shows that all quasi-isometries induce Morse preserving maps.
Quasi-isometric embeddings, on the other hand, will not always induce Morse
preserving maps. Consider the space X formed by gluing a Euclidean half-plane
to a bi-infinite geodesic γ in the hyperbolic plane, H. The obvious embedding
ι : H →֒ X is an isometric embedding, but ι(γ) is not Morse.
Sometimes a quasi-isometric embedding f : X → Y does induce a Morse pre-
serving map, i.e., given N ∈ M there exists an N ′ ∈ M such that for every
N -Morse geodesic ray γ : [0,∞)→ X there exists a N ′-Morse ray with basepoint
f(γ(0)) bounded Hausdorff distance from f(γ). (Equivalently, given N ∈M there
exists an N ′ ∈M such that for every N -Morse geodesic ray γ, f(γ) is an N ′-Morse
quasi-geodesic.) For example, if X ⊂ Y is stable as defined by Durham–Taylor
in [8], then the associated quasi-isometric embedding X → Y is always Morse
preserving.
If f : X → Y is a quasi-isometric embedding that induces a Morse preserving
map ∂Mf , we see that ∂Mf mirrors the map used in Proposition 3.7 showing the
quasi-isometry invariance of the Morse boundary. This suggests that ∂MX might
be topologically embedded in ∂MY . The fact that f uniformly maps N -Morse
rays close to N ′-Morse rays is enough for ∂Mf to be an injective continuous map.
We wish to have a topological embedding, so we need to show that this map is
open. As f is only a quasi-isometric embedding, f has no quasi-inverse so we
cannot exactly follow the proof of Proposition 3.7. Nevertheless, in Proposition
4.2 we construct an inverse to ∂Mf show this map is continuous.
Proposition 4.2. If f : X → Y is a quasi-isometric embedding that induces a
Morse preserving map, then
∂Mf : ∂MX → ∂Mf(∂MX)
is a homeomorphism, i.e., ∂Mf is a topological embedding.
Proof. By definition of Morse preserving, we know that for every N ∈ M there
exists an N ′ ∈ M such that for every N -Morse geodesic ray γ : [0,∞)→ X there
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exists a N ′-Morse ray with basepoint f(γ(0)) bounded Hausdorff distance from
f(γ). We define the map
∂Mf : ∂MX → ∂MY
as follows: if γ is an N -Morse geodesic ray, then ∂Mf(γ) is the N
′-Morse geodesic
ray bounded Hausdorff distance from f(γ). Thus, f induces a injective map
∂MfN : ∂
N
MX → ∂
g(N)
M Y where g is direction preserving. We give ∂Mf(∂MX)
the subspace topology inherited from the topology on ∂MY . To show that ∂Mf
is continuous, by Remark 3.4 we need only show show ∂MfN : ∂
N
MX → ∂
g(N)
M Y is
continuous. This follows with slight modification of the proof of Proposition 3.7
by intersecting the appropriate basis neighborhoods with ∂Mf(X).
Since ∂Mf is injective it has a (set-theoretic) inverse h : ∂Mf(∂MX)→ ∂MX .
So, to show the result, we need only show that h : ∂Mf(∂MX) ∩ ∂NMY → ∂
N ′
M X is
continuous. We know that for any η ≥ 0 we have a quasi-isometry
fη : X → Nη(f(X)).
Let hη : Nη(f(X))→ X be a quasi-inverse. As in the proof of Lemma 2.9, we know
that given a Morse function N , there exists η which depends on λ, ǫ and anN ′ such
that ∂Mf(∂MX)∩∂
N
MY ⊂ ∂
N ′
M Nη(f(X)). Thus, we get a map ∂Mhη : ∂Mf(∂MX)∩
∂NMY → ∂
N ′
M X . Again, with slight modification of the proof of Proposition 3.7 we
note that ∂Mhη is continuous. We notice that for any α ∈ ∂MX , hη ◦ f(α)
lies bounded distance from α, so ∂Mhη(∂Mf(α)) = α. That is, ∂Mhη = h on
∂Mf(∂MX) ∩ ∂NMY . We conclude that ∂Mf is a topological embedding.
4.2 Application to Teichmu¨ller space
We now describe the Morse boundary of Teichmu¨ller space with the Teichmu¨ller
metric.
Let S be a surface of finite type. We know from Theorem 4.2 in [18] that if γ is
a geodesic contained in the the ǫ-thick part of Teichmu¨ller space, Tǫ(S), that any
(K,L)-quasi-geodesic with endpoints on γ remains in a N(K,L, ǫ)-neighborhood
of γ. By Theorem 5.2 of [18] we know that if a geodesic is not contained in Tǫ(S)
for any ǫ > 0 then it does not have the Morse property. It follows that given a
Morse function N , there exists ǫ and a Morse function N ′ such that
∂NMT (S) ⊂ ∂Tǫ(S) ∩ ∂MT (S) ⊂ ∂
N ′
M T (S) (1)
where ∂Tǫ(S) is the set of geodesic rays in T (S) (up to asymptotic equivalence)
whose image lies in Tǫ(S). By abuse of notation set ∂MTǫ(S) : = ∂Tǫ(S)∩∂MT (S).
Then (1) implies that
∂MT (S) = lim−→
ǫ
∂MTǫ(S).
The main theorem of Leininger and Schleimer in [12] states that for all n ∈ N,
there exists a surface S of finite type and a quasi-isometric embedding
Ω: Hn → T (S).
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Moreover, the image is quasi-convex and lies in Tǫ(S) for some ǫ > 0. We show
that this map is Morse preserving.
Proposition 4.3. There exists an N ∈ M such that if α : [0,∞) → Hn is any
geodesic ray with basepoint p ∈ Hn, then the quasi-geodesic Ω(α) : [0,∞)→ T (S)
is bounded Hausdorff distance from an N -Morse geodesic ray β where β(0) = Ω(p),
i.e., Ω is Morse preserving.
Proof. Say Ω: Hn → T (S) is a (K,L)-quasi-isometric embedding and Ω(Hn) is
C-quasi-convex and lies in Tǫ(S). Then, as in the proof of Corollary 2.7 in [11]
NC(Ω(Hn)) ⊂ Tǫ′(S) for some ǫ > ǫ′.
Let α be a geodesic in Hn, and {βn}n∈N be a sequence of geodesics joining Ω(p)
and Ω(α(n)). Then by quasi-convexity of Ω(Hn), each βn ⊂ Tǫ′(S) and thus by
Theorem 4.2 in [18] we know that all the βn are N -Morse where the Morse function
N depends on ǫ′. In particular, by Lemma 2.1 we know βn and Ω(α)|[0,n] have
bounded Hausdorff distance D = 2N(K, 2(K + L)) + (K + L). Thus by Arzela`-
Ascoli there exists a subsequence βn(i) that converges to an N -Morse geodesic ray
β that is at most Hausdorff distance D from Ω(α).
Corollary 4.4. For any n ≥ 2, there exists a surface of finite type S such that
∂MT (S) contains a topologically embedded Sn−1.
Proof. This follows directly from Propositions 4.2 and 4.3 and the fact that ∂MH
n
is homeomorphic to Sn−1.
4.3 Morse boundary of the mapping class group
We now show that the Morse boundary of the mapping class group of a surface
S of finite type, Mod(S), and the Teichmu¨ller space of that surface, T (S), are
homeomorphic.
We assume the reader is familiar with the Masur-Minsky machinery developed
in [13] and the coarse geometry of Teichmu¨ller space. We will quickly review the
basic notions. The curve graph, C(S), is a locally infinite simplicial graph whose
vertices are isotopy classes of essential simple closed curves on S and we join
two isotopy classes of curves if there exist representatives of each class which are
disjoint.
A complete clean marking on S is a set µ = {(α1, β1), . . . , (αm, βm)} where
{α1, . . . , αm} is a pants decomposition of S, and each βi is disjoint from αj for
i 6= j and intersects αi once (twice) if the surface filled by αi and βi is a once-
punctured torus (four-times-punctured sphere). We call the α curves the base of
µ and for every i, βi is called the transverse curve to αi in µ. The marking graph,
M(S), is a graph whose vertices are (complete clean) markings and two markings
µ1, µ2 ∈ V(M(S)) are joined by an edge if they differ by an elementary switch.
Given a nonannular subsurface Y ⊂ S and a curve α ∈ C(S) we define the
subsurface projection of α to Y to be the subset πY (α) ⊂ C(Y ) defined by taking
the arcs of the intersection of α with Y and performing surgery on the arcs to
obtain closed curves in Y . (See [13] for a more precise definition and the definition
in the annular case.) When dealing with markings, one only projects the base
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of the marking. We define the subsurface projection distance of two marking
µ1, µ2 ∈ M(S) as dY (µ1, µ2) = diamC(Y )(πY (µ1) ∪ πY (µ2)). We note that if Y is
the whole surface S, then dS is the usual distance in C(S).
One useful property of the marking graph is that it is quasi-isometric to
Mod(S). The quasi-isometry between the two spaces is defined by choosing a
marking µ ∈ V(M(S)) and considering the mapping class group orbit. Thus,
keeping in mind Theorem 3.7, for the remainder of the section we will use M(S)
in place of Mod(S).
For each x ∈ T (S) there is a short marking, which is constructed inductively
by picking the shortest curves for the base and repeating for the transverse curves.
It is a well known fact that there is a coarsely well-defined map Υ: M(S) →
T (S) that is coarsely Lipschitz. The map is defined by taking a marking to the
region in the thick part of T (S) where the marking is a short marking for the
points in that region.
Given a surface Y with compact boundary for which the interior of Y is a
surface of genus g with p punctures we define the complexity of Y , ξ(Y ) = 3g+ p.
We now list a collection of theorems that we will use to construct the homeo-
morphism between ∂MT (S) and ∂MMod(S). Theorem 4.5 and Theorems 4.6 show
that geodesics with uniformly bounded subsurface projections are Morse and vice
versa. Theorem 4.7 (combinatorially) quantifies the relationship between subsur-
face projections and distances in M(S) and T (S).
Theorem 4.5. For every E > 0 there exists an ǫ > 0 such that if γ : [a, b]→ T (S)
is a Teichmu¨ller geodesic and µa, µb are short markings of γ(a) and γ(b) with
dY (µa, µb) < E for every proper domain Y ⊂ S with ξ(Y ) 6= 3, then γ is ǫ-
cobounded.
Conversely for every ǫ > 0 there exists a E > 0 such that if γ : [a, b]→ T (S) is
an ǫ-cobounded Teichmu¨ller geodesic, then for short markings µa, µb of γ(a) and
γ(b) dY (µa, µb) ≤ E for every proper domain Y ⊂ S with ξ(Y ) 6= 3.
Proof. Implicit in the proof of Theorem 1.5 in [23]
Theorem 4.6. Let γ : [a, b]→M(S) be a N -Morse geodesic then there exists an
E > 0 depending on N such that for any two markings µ1, µ2 on the image of γ,
dY (µ1, µ2) < E for every proper domain Y ⊂ S with ξ(Y ) 6= 3.
Conversely if γ : [a, b] → M(S) is a geodesic with γ(a) = µ1 and γ(b) = µ2
such that there exists an E > 0 so that dY (µ1, µ2) < E for every proper domain
Y ⊂ S with ξ(Y ) 6= 3 then γ is a N -Morse where N depends on E.
Proof. The first statement is implicit in the proof of Theorem 6.3 in [8].
To prove the second statement assume γ : [a, b]→M(S) is a geodesic such that
the endpoints have uniformly bounded proper subsurface projections. We know
by Corollary 8.3.4 of [7] that there is a hierarchy path H : [0, D] → M(S) with
H(0) = µ1 and H(D) = µ2 which is (K,L)-quasi-geodesic. We know following the
logic in Theorem 5.6 in [8] that H is N ′-Morse where N ′ depends on E. (This also
follows from Theorem 4.4 and the remark after Theorem 4.3 in [2].) Thus γ is a
(1, 0)-quasi-geodesic with endpoints on H and thus by Lemma 2.1 and by Lemma
2.5 (1) of [3] γ is N -Morse where N depends on N ′.
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Given two functions f, g the notation f(x) ≍ g(x) means there exists constants
K ≥ 1, L ≥ 0 such that 1
K
g(x)− L ≤ f(x) ≤ Kg(x) + L.
Theorem 4.7 (Combinatorial distance formulae). There is a constant A0 > 0
depending only on S, so that for any A ≥ A0
1. and for any pair of markings µ1, µ2 ∈M(S), we have
dM(S)(µ1, µ2) ≍
∑
Y⊂S
[dY (µ1, µ2)]A.
where the sum is over all subsurfaces Y ⊂ S and [X ]A = X if X ≥ A and 0
otherwise
2. and for any pair σ1, σ2 ∈ Tǫ(S) with µ1 and µ2 short markings on σ1 and
σ2, respectively, we have
dT (S)(σ1, σ2) ≍
∑
Y
[dY (µ1, µ2)]A.
where the sums are over all subsurfaces Y ⊂ S (but for annular surfaces B ⊂ S,
the distance dB is measured in H
2) and [X ]A = X if X ≥ A and 0 otherwise.
Proof. (1) is Theorem 6.12 in [13] and (2) is Proposition A.1 in [5], a refinement
of Rafi’s distance formula [24], (see also [7]).
Lemma 4.8. Let α1 and α2 be N -Morse geodesic rays in Teichmu¨ller space with
α1(0) = α2(0) and let x ∈ α and y ∈ β. Then any geodesic γ : [a, b] → T (S)
joining x and y is N ′-Morse where N ′ depends on N .
Proof. This follows from Lemma 2.3.
Together the next two lemmas show that the distance between two points on
a Morse geodesic in either M(S) or T (S) is coarsely the distance between the
associated markings in the curve graph.
Lemma 4.9. If α : N→M(S) is a N -Morse geodesic then Υ(α) : N→ T (S) is a
N ′-Morse (A,B)-quasi-geodesic where N ′, A,B depends on N .
Proof. By Theorem 4.6 since α is N -Morse there exists an E > 0 such that for
all i, j ∈ N where i 6= j, dY (α(i), α(j)) < E for every proper domain Y ⊂ S. Let
Υ(α(i)) = σi and let α(i) = µi. We consider equations (1) and (2) in Theorem
4.7 and choose A = max{A0, E}. Since we have only uniformly bounded proper
subsurfaces we see that
dM(S)(µi, µj) ≍ dS(µi, µj) ≍ dT (S)(σi, σj),
i.e., coarsely the distance in the curve graph. We note that the constants in both
≍ only depend on N .
For any two points Υ(µi),Υ(µj) the geodesic [Υ(µi),Υ(µj)] is contained in
Tǫ(S) for some ǫ by Theorem 4.5 and thus is N ′′-Morse where N ′′ depends on ǫ
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by [18, Theorem 4.2]. Lemma 2.1 tells us that the Hausdorff distance between
Υ([µi, µj ]) and [Υ(µi),Υ(µj)] is bounded by a constant C where C depends only
on N ′′. It follows that Υ(α) is N ′-Morse where N ′ depends on N .
Lemma 4.10. Let α : [0,∞)→ T (S) be a N -Morse geodesic. For each i ∈ N let
µi be a short marking of α(i). Then the map γ : N →M(S) defined by γ(i) = µi
is a N ′-Morse (A,B)-quasi-geodesic where N ′, A,B depend on N .
Proof. Since α is N -Morse, its image lies in Tǫ(S) for some ǫ > 0 [18]. By Theorem
4.5 we know for any i 6= j, dY (µi, µj) < E for every proper domain Y ⊂ S. As
in Lemma 4.9 choose A = max{A0, E}. Since we have only uniformly bounded
proper subsurfaces we see that
dM(S)(µi, µj) ≍ dS(µi, µj) ≍ dT (S)(α(i), α(j)).
We note that the constants in both ≍ only depend on N .
For any two points γ(i), γ(j) by Theorem 4.6 we know that any geodesic
[γ(i), γ(j)] is N ′′-Morse where N ′′ depends on E. Lemma 2.1 tells us that the
Hausdorff distance between γ([i, j]) and [γ(i), γ(j)] is bounded by a constant C
where C depends only on N ′′. It follows that γ(α) is N ′-Morse where N ′ depends
on N .
Proposition 4.11. There is a natural bijection between ∂MM(S) and ∂MT (S).
Proof. Fix a basepoint p ∈M(S).
We first define a map f : ∂MM(S) → ∂MT (S). Let α : N → M(S) be a N -
Morse geodesic with α(0) = p. By Lemma 4.9 we know that Υ(α) : N → T (S) is
a N ′-Morse quasi-geodesic whose quasi-constants and N ′ depend on N . Let βn
be a geodesic joining Υ(α(0)) and Υ(α(n)). By Theorem 4.5 we know that there
exists ǫ > 0 such that βn is ǫ-thick for every n ∈ N and thus by [18] the βn are all
N ′′-Morse where N ′′ depends on N . By Arzela`-Ascoli there is a subsequence βn(i)
that converges to a geodesic ray β which is N ′′-Morse by Lemma 2.10. We define
f(α) = β. We note that by Lemma 4.9 we know that β is bounded Hausdorff
distance from Υ(α) where the bound depends only on N .
We now define a map g : ∂MT (S) → ∂MM(S). Let β : [0,∞) → T (S) be an
N -Morse geodesic ray with basepoint Υ(p). Following the shortest marking map
defined in Lemma 4.10 we get a N ′-Morse quasi-geodesic γ whose quasi-constants
and N ′ depend on N . Let αn be a geodesic joining γ(0) and γ(n). By Lemma 2.5
(1), (2) of [3] we know that the geodesic, αn is N
′′-Morse where N ′′ depends on
N . As above, we use Arzela`-Ascoli to extract a subsequence αn(i) which converges
to an N ′′-Morse geodesic ray α. We define g(β) = α. We can conclude that α is
bounded Hausdorff distance from γ where the bound depends only on N .
To show that f is a bijection we will show that f ◦ g is the identity and f is
injective.
We first show f ◦g is the identity. Let β : [0,∞)→ T (S) be a N -Morse geodesic
ray with basepoint Υ(α(0)). As above, we know that g(β) is a geodesic ray α that is
bounded Hausdorff distance, from from γ, the image of the shortest marking map.
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We wish to show that f(g(β)) = f(α) and β have bounded Hausdorff distance.
Since Υ is coarsely Lipschitz, we know that Υ(α) and Υ(γ) have bounded Hausdorff
distance. By construction Υ(γ) and β have bounded Hausdorff distance. Also by
construction, f(α) and Υ(α) have bounded Hausdorff distance. Putting all these
together we get that f(α) and β have bounded Hausdorff distance and we have
our result.
We now show f is injective. Let α1, α2 : N →M(S) be Morse geodesics such
that f(α1) = f(α2). Then for some K > 0 we have d(f(α1)(i), f(α2)(i)) < K for
all i ∈ N. We know that the proper subsurface projections of f(α1) and f(α2)
are uniformly bounded because they are both Morse. Thus, the inequality in the
proof of Lemma 4.9 forces the d(α1(i), α2(i)) < KA + AB for all i ∈ N which
means α1 = α2.
Theorem 4.12. Let S be a surface of finite type. Then the Morse boundary of
T (S) is homeomorphic to the Morse boundary of Mod(S).
Proof. After Proposition 4.11, what is left to show is continuity of f and g.
The continuity of f : ∂MM(S)→ ∂MT (S) follows as in the proof of Theorem
3.7 because the Υ is coarse Lipschitz and the fact that if α is a N -Morse ray in
M(S) that Υ(α) is bounded Hausdorff distance from f(α) and that bound only
depends on on N .
We now prove the continuity of g : ∂MT (S) → M(S). Let β1, β2 : [0,∞) →
T (S) be two N -Morse rays with β1(0) = β2(0) = p. By Lemma 4.8 we know that
for any i, j ∈ N the geodesic joining β1(i) and β2(j) is O-Morse where O depends
on N . Let µ1(i) and µ2(j) be short markings of β1(i) and β2(j) respectively.
As in the proof of Lemma 4.9 we see for any i, j ∈ N that dT (S)(β1(i), β2(j)) ≍
dM(S)(µ1(i), µ2(j)). In particular there exist A,B depending on N such that
dM(S)(µ1(i), µ2(j)) ≤ A · dT (S)(β1(i), β2(j)) +B.
The continuity of g : ∂MT (S)→M(S) follows as in the proof of Theorem 3.7 from
the inequality above.
Thus we have shown that the Morse boundary of T (S) is homeomorphic to the
Morse boundary of Mod(S).
4.4 A continuous injective map from ∂MT (S) to PMF(S)
Let MF(S) be the set of measured foliations on S, and let PMF(S) be the space of
projective measured foliations on S. The Thurston compactification of Teichmu¨ller
space is T (S) = T (S) ∪ PMF(S). Recall that Teichmu¨ller’s theorem says that for
any x 6= y ∈ T (S) there exists a unique pair (ξ, η) ∈ PMF(S)×PMF(S) such that
x and y lie on the Teichmu¨ller geodesic
←−→
(ξ, η). (For more information see [22].) In
general, for x ∈ T (S) and η ∈ PMF(S) it is not know if the geodesic ray γ =
−−−→
[x, η)
converges in Thurston’s compactification T (S). In the case when η ∈ PMF(S) is
uniquely ergodic, then a theorem of Masur says γ converges to η [16]. Masur also
proves that the “endpoints” of Morse geodesic rays in T (S) are uniquely ergodic
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[15]. Furthermore he shows that when η is uniquely ergodic, any two rays with
direction η in Thurston’s compactification are asymptotic [14]. Thus we have a
map from h∞ : ∂MT (S) → PMF(S). The next lemma says this map is injective
and well defined.
Lemma 4.13. Let
−−−→
[x, ξ),
−−−→
[y, η) be two Morse rays in T (S). The rays
−−−→
[x, ξ),
−−−→
[y, η)
have finite Hausdorff distance in T (S) if and only if ξ = η.
Proof. The forward direction is Lemma 2.4 in [9]. For the other direction we apply
the result of Masur mentioned above [14].
Proposition 4.14. The injective map h∞ : ∂MT (S) →֒ PMF(S) is continuous.
Proof. We show this by showing for each Morse gauge N ∈M the map
hN : ∂
N
MT (S)→ PMF(S)
is a topological embedding. We follow closely the explication in Facts 3 and 4 in
Farb and Mosher’s description of the “limit set” in [9]. Let p ∈ T (S).
We first show that for each Morse gauge N , ∂NMT (S)p is a closed subset of
PMF(S), and therefore compact. Choose a sequence [αi] ∈ ∂
N
MT (S)p so that
lim[αi] = [α∞] in PMF(S). It is enough to show that [α∞] ∈ ∂NMT (S)p. Let−−−→
[p, ηi) be N -Morse representatives of [αi]. By Arzela`-Ascoli we can pass to a
subsequence that converges to a ray lim
−−−→
[p, ηi) =
−−−−→
[p, η′∞). Since this is a sequence
of N -Morse rays, we know that
−−−−→
[p, η′∞) ∈ ∂
N
MT (S)p. We look at the unit tangent
bundle of T (S) at the point p and it follows that lim ηi = η′∞, and so we have
η∞ = η
′
∞ ∈ ∂
N
MT (S)p.
We now show hN : ∂
N
MT (S) → PMF(S) is a homeomorphism onto its image.
Since both the domain and range are compact Hausdorff spaces, it suffices to prove
continuity in one direction. We prove that h−1N is continuous. This follows from the
observation that for a convergent subsequence ηi → η in hN (∂
N
MT (S)p) ⊂ PMF(S),
the sequence of rays
−−−→
[p, ηi) converges in the compact open topology to the ray
−−−→
[p, η).
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